The conventional binary operations of cartesian product, conjunction, and composition of two digraphs D, and D2 are observed to give the sum, the product, md a more complicated combination of the spectra of D1 and Dz as the resulting spectrum. These formulas for analyzing the spectrum of a digraph are utilized to construct for any positive integer PI, a collection of n nonisomorphic strung reguhw nonsymmetric digraphs with real sptxtra. Fu,rther, an infinite collection of strong nonsymmetric digraphs with nonzero gaussian integer value3 is found. Finally, for any n, it is shown that there are n cospectral strong nonsymmetric digraphs with integral spectra.
In order that this presentation be self-contained we include definitions of the fundamental concepts, most of which can be found in [S] and [7] . A digtaph D consists of a finite set V of points ul, . . . , q, and a set of ordered pairs of distinct points, written (u, U) or briefly UU, called arcs. A dipath u -+ o is an alternating sequence of distinct points and arcs beginning at u and ending at 2). A &cycle is obtained from a w + 11 dipath by adding the arc uu. We say u is reachable from u if there exists a dipath u -+ u. A digraph is strongly conatected or more briefly smng if every two points are mutually reachable. If arcs uu and vu are both in D, they form a symmetric pair of arcs. Proof. For a strong digraph D, let the index of imprimitivity be h 22. Then the point set V(D) can be partitioned into h independent subsets V(D) = v,u--U V, so that uv is an arc of II-$ only if UE Vi, VE Vi+1 with Wish and V h+l--VI (as illustrated in Fig. 1 ). If we replace the arcs by lines it is evide,;t that x(%(D)) = x(ch), so g(D) can be colored using at most three colors, with the points of each set V' having the same color. cl
The underlying graph 93(D) is obtained when we replace its arcs by undirected lines so that tither a single arc or a symmetric pair of arcs in D just becomes a single line. Then the chromatic number x(D) is defined as x(%(D)). Thus D is bipartite if 98(D) is. The adjacency matrix A = A(D) of a labelled digraph D is the p X p matrix [a,] with qj =
For a graph G let D(G) denote a digraph obtained from an orientation of G, i.e., to each line is assigned either of the two possible directions. Theni as Robbins 
D(i) with i points, whose c(D(i)) is the number of
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We now derive (3) from (5). There are two possibilities for the point C:
This establishes a one-to-one correspondence between the subdigraphs D(i) and D'(i) so that if a subdigraph of D on the left side of (3) adds an amount to a coefficient a, of a(D), then D'(i) adds the same amount to a, on the tight, proving the theorem.
Cl
If we now apply (3) to (Di, w) l (D2, u) so that their identified roots are chosen as the point 21, in (3), we obtain an equation which can be transformed to (4, proving the corollary. The four cospectral strong digraphs with 4 points illustrated in Fig. 2 were listed in 163. We now note that the first pair and the last pair are cospectrally rooted (with roots marked by circles). All four digraphs have the characteristic polynomial a(x) = (x3 -x2 -1)(x + 1). 
Binary operations on digraphs
It is very useful to construct new classes of graphs by binary operations on smaller graphs. The conjection G = F, A G2 of two graphs (or digraphs [ 1 l]) can be defined by taking as the adjacency matrix of G the tensor product of those of G, and G,. It was observed in [9] that the Cartesian product and composition of two graphs are also expressible in terms of matrix operations. Both Schwenk [14] and Cvetkovic [2] give the spectra of graphs formed by three different abelian operations of two graphs G and H in terms of the spectra of G and I-2. Their proofs are straightforward but complicated. However, the results can be obtained more naturally by applying spectral properties of polynomials of matrix tensor products to it. Our object is to show this more generally for three well known binary operations on digraphs: Cartesian product, conjunction, and composition. 
We now extend all matrix equations known for graphs [9] We are now ready to prove Eq. (18) which is considerably more difficult. The reason is that whereas (8) and (9) express conjunction and Cartesian product directly in terms of matrices A1 and A2 and identity matrices which offer no difficulty, Eq. (10) expresses the adjacency matrix of the composition of two digraphs in terms of the unit matrix JR, which cannot, in general, be expressed in terms of AS. However if we restrict D2 to be regular, it is possible to obtain Jh as a limit of powers of A2, as we now show. The matrix theory background for the following arguments can be found in the books by Gtibner [4. 16~MO] and Lancaster [lo, 165-1841. Let Pl, l l l 9 cc, be the different eigenvalues of A?. Then we can represent A2 in its spectral decomposition, 
Red digraplw
Just as integral graphs have been defined as graphs with an integral spectrum, we now say that a real &graph has a real spectrum. Although the spectrum of a digraph in general contains real and complex eigenvalues, we see that among the digraphs with four' points there are a significant number of real digmphs. Of course a digraph is real if it is symmetric (as it is then a graph) and furthermore a digraph is real if and only if all its strong components are real. Hence only nonsymmetric digraphs are of interest and we restrict consideration to them.
As usual let K(p,, . . a, pm) be a complete n-partite graph and let 9(G) denote the digraph obtained from a graph G on replacing each line by a symmetric pair of arcs. Then it is easy to see that every digraph obtained from 9 (K(p,, . . . , p,,) ) by removing any one arc is real.
From Section 2 we can quickly see that it is possible to construct n cospectral strong nonsymmetric digraphs. We just have to take two nonsymmetric cospectrally rooted strong digraphs D1 and & and form successive coalescence of n copies of these digraphs. But although DI and Dz are real we do not know whether the resulting coalescence
From a star &., with p = 2n + 1 points, we now obtain a family of real digraphs which contain for any positive number k at least k cospectral digraphs. We will construct a digraph Q,,(K1,2n) by joining the points in 9(K1,&, which are endpoints in &,,? with m new arcs where m s 2n. Furthermore not more than two of these arcs are permitted to have a point u in common, and if so both must start or end in u, as illustrated in The binary operations in Section 3 allows us to form nonsymmetric strong regular digraphs which are real. 
where we take i copies of 9(G) and (n-i) of 9(H). Each Q is nonsymmetric (because D is) as well as regular and strong with the same real spectrunn. q
5.
A D,,,(K,,,,) can also be obtained from it. Let (II,, P( u,)) l (Dz, p( u2)) be the generalized coalescence, where we not only identify w1 and ua, but also the dipaths P( u,) and p( u,) of the same length containing ul and u2. 
(28)
Among the digraphs with four points, the directed cycle ea is obviously gaussiaa with the spectrum S(eJ = (*l, *i).
COrdhry 58. The generalized coalescence of n2 copies of (C& i5( w)) where F(w) is a &path of length 0, 1 or 2 is gaussian with nonzem eigenvalwes kn, *ni.
For n2 = 4 two nice looking examples are given in Fig. 5 . As the adjacency matrix A(c4) is a normal matrix with orthogonal right eigenvectors, the eigenvectors cy' of its eigenvalues -1, *i are orthogonal to the eigenvector p = (1, 1, 1, l) T of 1. For the complementary digraph &, the adjacency matrix A( cd) is of course Jd -Id -A(&. Therefore this adjacency matrix also has @ and cy ' as eigenvectors, belonl;ing to the eigenvalues 2,4, -1 *i. Thus cd is also gaussian, which follows as Finally we note that from the two arbitrarily large families of gaussian involving three binary operations.
htegd digraphs
Cd is regular. gaussian digraphs cd and e! we can form digraphs with the formulas of Theorem 3
Of course we define an integral digrap't as one having a spectrum consisting only of integers; so these are all gaussian. It is rather surprising that there are two cospectral integral digraphs with four points, which are the smallest such digraphs. They are illustrated in Fig. 6 together with an integral digraph of five points.
As for real digraphs it is possible to form cospectral integral digraphs by using the Cartesian product. 
